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Abstract—We consider a monitoring scenario of phenomenon
using three different streams of measurements whose quality is
proportional to their constant inter-arrival times. Each mea-
surement of a stream needs to be binary-classified to reflect
the state of interest of the phenomenon. A set of classifiers
is separately trained and fused for each stream at its time
resolution using measurements collected under known states.
We present a machine learning method to fuse the outputs
of these fusers to provide a final classification at the finest
time resolution. We show that this fused-fusers method provides
decisions with likely superior classification probability compared
to the best individual classifiers and fused-classifiers. We derive
generalization equations that guarantee a superior classification
probability of fused-fusers with a confidence probability specified
by the classifiers’ generalization equations. We apply these
results to study a practical problem of classifying Pu/Np target
dissolution events at a radiochemical processing facility using
gamma spectral measurements of effluent flows.

Index Terms—classifier, fuser, fused-fusers, fused-classifiers,
switched-fusers, generalization equation, ROC, time resolution,
machine learning

I. INTRODUCTION

We consider a monitoring scenario with three distinct data
streams, each providing measurements of a phenomenon at
different time resolutions with constant inter-arrival times (or
rates) with different quality. A binary classification decision is
required upon the arrival of each measurement of a stream to
reflect the state of interest of the phenomenon, for example,
a specific dissolution operation at a radiochemical facility, or
the presence of a target in a monitored area, or an anomaly
in computer network traffic. The measurements at the coarsest
time resolution are of the highest quality, and are classified
by set Cy of binary classifiers. At the finest time resolution,
measurements are of the lowest quality and are classified by
set C, of binary classifiers. The measurements of the third
stream have the time resolution and quality in between the
two, and are classified by set C,; of binary classifiers. The
receiver operating characteristic (ROC) curves of classifiers
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Fig. 1: Illustration of fused-fusers of classifier sets for im-
proved classification probability with quantified confidence.

of higher quality are overall higher than those of others,
but their classification outputs are provided at a coarser time
resolution or less frequently. We address the problem of
classifying the measurements of these streams as they arrive
by “combining” the outputs of individual classifiers and fusers.
This formulation is a specific abstraction of the classification
[1], [2] and classifier fusion [3], [4], and is an extension
of a two-stream formulation in [5]. It is motivated by the
nuclear dissolutions application [6], and is a special case of the
well-studied information fusion problem [7] applied to multi-
rate [8] and multi-resolution [9] sensors or data sources.

A straight-forward method is to choose the “best” classifier
from each set, and use it to classify the corresponding mea-
surements as they arrive. We present a superior classification
approach with generalization performance better than the best
classifier or fused-classifiers from each stream, with quantified
confidence. We employ a method that first fuses the classifiers
within sets Cg, Cj; and Cp, and then fuses the fused-
classifiers as illustrated in Fig. 1. We show that this fused-
fusers method provides superior classification probability com-
pared to the best classifiers of Cy, Cj; and Cj, and their
fused-classifiers, with a confidence probability specified by its
generalization equation.

We consider that machine learning (ML) methods [10]
are used to train the classifiers using finite training sets
consisting of measurements collected under known states of
the phenomenon. Consequently, the best classification method
does not exist [11], and the classification probability of a
classifier can only be specified with a confidence bound
provided by its generalization equation [12], [13]. We derive
sufficiency conditions for the superior performance of our
method under the isolation property [14] of the fuser classes,



and derive the generalization equations [15]. Under this formu-
lation, solutions using the existing multi-rate, multi-resolution
methods require the knowledge of the underlying system or
distribution models [7]-[9]. In addition, ML methods without
such knowledge requirements [10] do not provide the needed
generalization equations in most cases. The previous switched-
fuser method [5] provides the generalization equations for the
special case of two streams, which we generalize here to three
streams and broader classes of ML fusers.

This problem formulation is motivated by a practical task
of detecting events associated with the Plutonium/Neptunium
(Pu/Np) target dissolutions at a radiochemical facility, by
using gamma spectral measurements of effluent streams [6],
[16], [17]. Previously, measurements at two different time
resolutions are considered [S5], wherein multiple classifiers
are fused for each stream, and the fusers are switched as
measurements arrive. The classification performance of this
method is superior to using a single (best) classifier for each
stream. In this paper, we consider measurements at three
time resolutions, namely, 1, 3 and 6 hours, and present a
solution based on fused-fusers of three time resolutions. This
approach improves the classification performance over the best
classifiers and switched-fusers in [5]. In addition, we compare
various solutions based on switching the classifiers, fused-
classifiers, and fused-fusers.

The organization of the paper is as follows. The problem
formulation is provided in Section II, and our overall ap-
proach is described in Section III. Generalization equations of
fusers, fused-classifiers, fused-fusers, switched-classifiers, and
switched-fusers are presented in Section IV. The experimental
results of dissolution classification problem are related to the
analytical results in Section V. Conclusions and directions for
future work are presented in Section VI

II. PROBLEM FORMULATION

A binary classifier C : R + {0, 1} is characterized by the
measurement input X € R mapped to binary or Boolean
output Y = C(X) € {0,1}. We consider three separate
sets of classifiers used for the three measurement streams.
The ordered set of classifiers Cyr = {Cn,,Ch,,...,Ch,  }
handles measurements at the coarsest time resolution with
time interval ¢y, another ordered set of classifiers Cy; =
{Cum,,Cursys -, Cu,,,, } handles those at the medium time
resolution with time interval ¢p;, and a third ordered set
of classifiers Cr, = {Cr,,CL,,...,Cr, } handles at the
finest resolution, with the corresponding fixed time intervals
tr, < ty < tg. The rates of classification output from
classifiers Cy € Cpgy, Cpy € Cpy, and Cp € Cp are
1/tg, 1/tpyr, and 1/ty, respectively. The rate fraction of
Cg, for R = H,M,L, is pg W% =
tgtamtn/[tr(tatar + tarty, 4+ tgtr)] such that a larger value
represents more frequent but lower quality measurements
and vice versa. A classification decision is required at the
arrival of every measurement, namely, at an average rate of
1/tH + 1/t]\4 + 1/tL.

To represent multiple resolutions, we use a generic ordered
set of classifiers C = {C1,Cs,...,Cph.}. Let Do(F) of
classifier C' denote its defection probability at the false alarm
probability F'. The operating point (OP) of C is given by
Po = (Fe¢,Dc (Fe)), simply denoted by (Fg,Dc). We
consider that ROC, D¢ (F), as a function of F is non-
decreasing. The classifier C; is superior to classifier C; in
terms of ROC if for all F, we have D¢, (F) > D¢, (F).
This condition implies that at any false alarm probability, the
detection probability of Cj is at least as high as that of C}, and
combined with the non-decreasing property of D¢ (F') implies
that at any detection probability, the false alarm probability of
C; is no higher than that of C';. We consider that the classifier
set C 4 to be superior to Cp if C4, is superior to C B, for all
1=1,2,...,n¢,,and j =1,2,... ,nc,.

The outputs of an ordered set of classifiers C with corre-
sponding input vectors X = { X1, Xo,..., Xpo }, X; € RY, is
combined by a fuser Fc, which itself is a classifier with input
vector (C1(X1),C2(Xa),...,Che(Xn.)) of binary compo-
nents and binary output. The fused-classifier, Fc o C, is
characterized by the Boolean valued function

(]:C o C)(X) = ‘FC (Ol(Xl)a OQ(XZ)a cey Cnc (ch))

defined on measurements space R?*"¢. When all classifiers
use the same input, that is, X; = Xo =--- = X, = X, we
denote this function’s output simply by (F¢ o C)(X), which
is defined on the measurements space R%.

The switched-classifier S¢c,,, (s, ,Cr, } Outputs that of the
classifier Cg,, for R = H, M, L that reflects its time resolu-
tion, at the corresponding ! = i, j, k indices. When Cp, is a
fused-classifier, it is simply referred to as a switched-fuser.

ITII. CLASSIFIERS: ENHANCEMENT AND FUSION

Our method consists of fusing the outputs of classifier sets
Cu., Cyr, and Cy, using fusers Fc,,, Fc,,, and Fc, , respec-
tively, and reporting the output at the respective time resolu-
tion. Then, a classification output is produced at the finest time
resolution by a fused-fuser Fg, for F3 = {F¢c,,, Fc,, Fc,.}
that combines fusers from each time resolution with the latest
inputs at their individual resolutions. The overall output is
produced by the switched-fused-fuser Sy Frg FryFop b for
Fy = {Fc,,, Fc, }» which outputs that of a fuser as its arrival
rate, and has the output rate of 1/ty + 1/tpr + 1/tr.

A. Overall Approach

Our method is based on developing fusers F¢,,, Fc,,. and
Fc, that are superior to the corresponding individual classi-
fiers, and then utilizing their fusers F¥, and F¥,, as illustrated
in Fig. 1. Let Xg, X, Xz € R denote the latest mea-
surements from the three streams. Then, the fused-classifier
function for data stream of resolution R = H,M,L is
FcroCr with all classifiers of Cgr = {Cg,,Cp,,...,Cr, , }
using the same input X . Thus, we have

(Fcr © Cr)(XR)
= Fon (C’Rl (XR),Cry(XR); -, Chr,, (XR))



for resolution R = H,M,L. Then, their fuser Fg,,
for F3 = {Fcy,Fcu,Fc,}, corresponds to the fused-
classifier function Fx, o F3. Using the composite input X =
{Xu, X, X1}, we denote the output of the individual stream
fusers as

(F30C)(X) 2 ((Fey, 0 Cr)(Xu), (Fon © Car)(Xn),
(Fer, o CL)(XL)),

which is the input to the fuser function Fg,. We denote the
fused-fusers process as a composition of outputs of classifiers
and fusers using their respective functions as follows:

(Fr, o F30C) (X) = (Fr, o (F30C)) (X)
£ Fr, (Fou o Cu)(Xu), (Foy, 0 Cu)(Xm),
(Fe, o Cr)(XL))
2 Fr, (Fou (Ca(Xn)), Fou (Cru (X)),
Fo, (Cr(XL))),

where Cr(Xr) = (Cr,(Xr),Cry(Xg),...,Cr,,(Xr)),
for R=H,M, L.

We similarly consider Fg,, for Fo = {Fc,,,Fc,}
that corresponds to the fused-classifier function
Fr, o Fy with composite input {X,;, X1} and output
Fr, (Feu (Cu(Xn)), Fe, (Co(XL))) .

The enhancement region Ec of a classifier C' is the rectan-
gular region with lower false alarm and higher detection prob-
abilities than those of C' as shown in Fig. 2(a), and that of a set
of classifiers is the intersection of their enhancement regions as
shown in Fig. 2(b). Our approach is to utilize combinations of
fusers and switching to improve the performance within each
set such that the resultant operating point is within one or both
coordinate ranges of the intersection of enhancement regions
of Cy, Cyy, and Cyp, as illustrated in Fig. 2(b). For instance,
outputs of three fusers are switched by Str., 7o, 7o, } SO
that their detection and false alarm probabilities are linear
combinations with coefficients that reflect the rate fraction
pr. For a suitably high pg and/or pj;, the operating point of
S{Fc,, Fo,, Fo, } lies within the intersection of enhancement
regions of the three fusers with certain probability at the
expense of requiring more high quality data.

B. Fused-Classifiers

The fuser F¢,,, R = H, M, L, is considered to be I-superior
to the corresponding individual classifier subset if

Dy,

o Z DcRi and F]:CR < FCRi

with certain probability for ¢ € I; it is simply called superior
if the subset is the entire classifier set. These conditions are
satisfied with a confidence probability if a fuser F : [0,1]" —
[0, 1] is chosen from a class @ x, as in the case of ML methods,
under the isolation property [14] such that it contains F;, i €
{1,2,...,n}, where F;(X) = z; for X = (z1,22, -, ZTn).
Analytical bounds are derived for the confidence probability
for Fire, Fc,, . Fc,} using the generalization equations of
the classifiers in Theorem 4.1.
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Fig. 2: Enhancement regions and comparison of operating
points and ROC curves of classifiers and fusers.

C. Switched-Classifiers

The rate of classification output from switched-classifier
‘S{CHNCMJ.,C%} is 1/tH+1/tM—?—1/tL, since it outputs every
time any of its component classifiers outputs. The detection
and false alarm probabilities of Sc,,, Car;.Cr,} are

DS{CHi'C]ijCLk} = Z pRDCR’
R=H; M;,Ly

FS{CHichjchk} = Z PRECR;
R=H; M;,Ly

respectively, for pr € [0,1], R = H;, M;, Ly,.
. The conditions for Sy Foy FoyFo, ) 1© be in the.intersec—
tion of enhancement regions of best individual classifiers are

D‘S{FCHMTCM»-?CL} 2 maX{DCE’DCRI’DCE} and

ESire, 7oy, 7o,y = min{Fey, Foy,s Fop by
where Dc;{ = mZaX DCHi’ DC?\/I =
m;;:mech, Fc;{ = miinFcHi, FCRI
FCE = mkin FCLk .

This detection probability condition depends on the rate
fraction pr, R = H, M, L, and is given by
puDre, +puDrs, +pLDre, > max{Dcs,, D, Doy } -
The corresponding false alarm probability condition is
Fos b

In general, these two conditions may not be simultaneously
satisfied, but they are under some statistical independence
conditions [5].

puFre, +puFrs,, +prFre, <min{Fc;, Fc

P
M’



IV. MACHINE LEARNED CLASSIFIERS

For a classifier based on ML methods, the detection and
false alarm probabilities are jointly characterized by its gen-
eralization equation that provides a confidence probability
bound 1 — §(¢,1) which ensures that the generalization error
is within a precision parameter € of the optimal, based on [
training measurements [15]. We now derive the generalization
equations for a computed generic-form fuser Fa for A =
Cy,Cu,Cpr,Fy,F3, based on lc,,, Ic,,, and l¢, training
examples for the classifier sets Cy, Cy/, and Cj, respectively,
and [, training samples for the fuser A = Fq, F.

A. Classifier Generalization Equations

Let C(X) be the output of a classifier C' based on input
X that corresponds to output Y distributed according to an
unknown distribution Px y. A fused-classifier, namely, Fc, o
Cpror FroFc,oCp, for R = H, M, L, is a composition of
classifiers and one or two fusers, and hence itself is a classifier
with X € R¢ and Y € {0, 1}. The classifier C is chosen from
a function class ¢ according to a cost criterion. Its expected
error is defined as

Io = / (C(X)®Y)dPxy,

where @ is the exclusive-OR operation. The false alarm
probability is Fo = I under Y = 0, and the missed detection
probability is 1 — Do = I under Y = 1; thus, we have
Ic = Fc + 1 — D¢, that is, the expected error is a linear
combination of false alarm and detection probabilities. For
two classifiers C; and Cj, the condition /¢, < I, implies
Fe, < Fg; or Do, > Dg;, that is, either Fg, or Dc¢,, or
both, lie in the enhancement-region E¢; of Cj.

Given the training set (X1,Y1),(X2,Y2),..., (X1, Yie)s
the empirical error is

lo
Ie =) (C(X) @Y,
i=1
where the measurement X; is collected under the known
state Y; of phenomenon. The best classifiers that minimize
the expected and empirical error are denoted by C* and C,
respectively. Thus, for any C' € ®¢, I > I~ and Ic > fé.
In general, C* is unknown since the underlying distribution
Px y is unknown, and C is not precisely computable due to
its complexity (e.g. NP-hard) or limitations of the computing
systems. In practice, we consider a computed classifier C
that achieves the minimum empirical error within €5 such
that fé = fé + €4, and its expected error is given by
Ié =l + €cs where €a > 0.
The performance of a computed classifier C is characterized

by its generalization equation
Py {Ie — I+ > e+ éa} < da. (e lc), (4.1)

where [ is the number of training measurements, and € and
¢ are precision and uncertainty parameters, respectively. In the

special case where the computed C' minimizes the empirical
error, that is, C' = C, the above equation simplifies to

PZX,Y {IO —Ic- > 6} < 5‘Pc(€al0)~

This result is derived from the uniform convergence of means
and expectations given by [13]

IPle,Y { sup jC - IC’ > 6} < 5(1)6,(6/2,[0),
Cedeo
or Pl { sup (o — Ic’ < e} >1— 0o, (e/2,1c).
Cedeo

B. Fuser Improvement

In a set of classifiers Cg, for R = H, M, L, a classifier Cg,
is chosen from a function class ®¢,, , and the corresponding
expected best, empirical best, and computed versions are
denoted respectively by

Ch={Ch.Chpror . Ch b
CR: CRlacRga"'chnR 3
Cr=1{CRg,,Cr,, -+ ,Cr

nR

For each R;, the expected best C}Qi, empirical best C'r,, and
computed Cg, are all chosen from the same function class
Py, such that in terms of notation we have

026

R, = @cﬁi = (I)C‘Ri = (I)CR/
Then, the best among these sets of classifiers are given by

NR ~ 2 A A
Ck... = argminI(Cg ), Cr = argmin /(Cp,), and

= =

min

C’Rmin

are fused byla fuser Fc,, : {0,1}"% +— {0,1} chosen from
class @z , and these fusers are fused by Fg, : {0,1}% —
{0,1} and Fg, : {0,1}* — {0,1} chosen from class @,
and <I>;F2, respectively. Let Fj., F A» and F A Tepresent
the expected best, empirical best, and computed fusers, re-
spectively, wherein the index A = C € {Cg,Cy,CL}
corresponds to an individual stream. We use A = F5, F3 to
denote the fusers with composite inputs. The expected fuser
improvement is defined for A = Cy,Cy;,Cp,Fo,F3 and
A= {Al,Ag,...,AnA} as

= argII;lin I(CR,), respectively. Each set of classifiers

na
Ar, = ml{lIAz — 17,

1=
which represents the difference between the expected error
of the best component classifier or fuser and the fuser. The
corresponding empirical fuser improvement is defined as

~ nA A A
A]:A = L_l{llAz — I]:A.
The expected best, empirical best, and computed versions
of the fuser chosen from fuser class ®r, are denoted by
Faxs F A and F A respectively.
We consider the expected best fuser improvement as

* na
A]_-;* = Iln:l{l IA: — I]:;* y (42)
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which represents the difference between the expected error
of the expected best classifiers or fusers and their expected
best fuser. Under the isolation property of the class ®r,, it
consists of a function that makes it identical to A for each s.
Consequently, A};* is non-negative since the expected error
is minimized by the expected best classifiers and fusers.

C. Fusers Generalization Equations

We now derive the generalization equations of the computed
fuser ]}A’ for A = Cg,Cy, Cr,Fy, F3, trained with I,
samples, of computed classifiers or fusers corresponding to
set A each trained with [ samples. The individual fuser
ﬁCR’ for R = H, M, L, is an ML-estimate of the fuser based

on the ML-estimates Cr = {CRI,CRQ, e éRn } of the
classifiers of Cg. For example, ]}{ﬁ 7. ) is an ML-

estimate of Fg, based on the training saliif)lles

The closeness of the empirical best classifiers and fusers
in terms of the best expected fuser improvement A% -~ is
probabilistically guaranteed by the following result, which is
a generalization of a result in [5].

Theorem 4.1: Generalization Equations of Fusers: Consider
the computed fuser Fx, for A = Cy,Cy,Cp,Fo, F3,
trained with [z, samples, of computed classifiers or fusers
corresponding to set A each trained with [5 samples with
empirical error €. Under the isolation properties of all fuser
classes, we have, for A = {41, As,..., A, },

na R
P{Ifg —l’iIl:l{lIA;‘ + A%, > e—l—e} < 6AﬁA(e,lA,l;A),

where € = €z such that [z =Tz +éz and

na
5A", (€7ZA’Z-7'-A) = 5‘1’}‘ (6/27l]:A)+ 6¢’A~ (6/(2nA)7lA) :
Ea A i

i=1
.. nA ~ .
Proof: The condition < I Fa T mi{i Tp+ + A}; > e+ €, iS
P i .

na
equivalent to the condition ¢ Iz — min Iy + A*]_-* > €

since [z =1z AT €, where we suppressed the subscript of

the empirlcal erfor term ¢ - Fa to simplify the notation.

Then, the condition {Iﬁ - min Tar + A% > e} is the
A =1 z A*

same as {I P I Fr. > e}, and this condition implies the
condition on fuser and fused parts: [z > ¢/2 or,
for some 4, I — Ia: > €/(2na4). Thus the probabihty of
the latter condition upper bounds that of the former. We now
obtain an upper bound for the probability of this condition
by applying Eq. (4.1) for fuser class ®r, and component
class ®,4, with sample sizes [r, and [a, respectively. This
probability is upper bounded by the sum of probabilities of the
two conditions, which are upper-bounded by s, (¢/2,17,)
and 6, (€/(2n4),la) for each i, respectively. [J

This  theorem  ensures that with  confidence
1 —da,

(€,1a,lr,), the expected error of the computed
A

— Ir;,

fuser F A 1S within the precision parameter € + € of the best

expected error muln I 4+ reduced by fuser improvement A s

This guarantee is distribution-free in that it is 1ndependent
of the underlying distribution Px y, which could be quite
complex. The lower the error € due to computed fuser, the
tighter will be the precision parameter. Also, the confidence
improves in general with the increasing training sample sizes.

1) Fused-Fusers Generalization Equations: We obtain
complete generalization equations of our fused-fusers by ap-
plying Theorem 4.1 in two steps. Using f{fc Fo Fo )T

H M L

]}133, we first obtain

P {I]:—f‘s T R=mML Irg, + Aﬂ?; >t 6}
<da, (&lrs,lre,),

F3

where ¢ =€~ suchthat [ =1+ €+ and
Fi Fi, Fiy + Fiy

6Aj:, (€, lpy, lfF3) = 5‘1’}‘F (e/2, l]—'FS)

F3
+ Z 64’?* (E/G,l}‘cR>.

R=H,M,L

Then, the second application gives us, for R = H, M, L,

6q>]—‘éR (6/67 l}'cR) = 5<I>f " (5/127 l]-'cR)

nR
+Z(Sq>c* 6/(1277,3) lCR )
i=1

2) Fuser Improvement Estimates: The best empirical fuser
improvement is given by
na .

—ml{l[ A, — Lz,

Azy
for A = Cg,Cy;,Cyr,Fy, F3, which represents the differ-
ence between the empirical error of the best of empirical
best classifiers and their empirical best fuser. Under the
isolation property of the class ®x,, both A*fé* and Aﬁc
are non-negative, since the expected and empirical errors
are minimized by the expected and empirical best fusers,
respectively. These two quantities are not computable using
only the computed classifiers A; and fusers for two different
reasons: the former due to the approximate minimization of the
empirical error by F and latter due to the lack of knowledge



about Px y. Instead, we compute their computable version

~ NA A ~
Ay =minls = Iz,
which is not guaranteed to be non-negative even under iso-
lation property of the class Fr,, unlike A% e and Az . It
is shown to be closer to A%. by using the empirically%est

estimates in [18], which prO\fides the following result
P {)A};* - AfA] > e+ e} <ba, (6laslzn),

where € = € Fu

D. Switched-Fuser Generalization Equations

We consider a switch 8{;CH’;CM’;CL} whose output is
that of fused-classifier F¢, at resolution R = H,M,L,
a fraction of ppr times within a time window such that

> pPr=1

R=H,M,L

Theorem 4.2: Generalization equations of switched-fuser:
The Compu.ted swit(.jhed-fu'ser Sy Foyy Foyy Fo, } USes the com-
puted classifiers trained with [ Fog l Fopg and [ Foy samples,
respectively. The computed basic classifiers used by these
fusers are from Cpg, C,s, and Cj, which are trained with
ley, le,,» and lc, samples, respectively. Under the isolation
properties of fuser classes, we have
, HAS > e+ €s}

—Isize s

Plris . . .
\F,
{ Fey Fey For ! Cy’"Cpn" Cp

>

R=H,M,L

< OA -

Fo (PRe, leg, lJ:cR)

where S¢ Fe Fy . Fg } is the switched-fuser classifier based
H M . .
on the expected best fusers of expected best basic classifiers,

A‘*S = Z pRA;_—* > O7 gs = Z pjo-c ) and
R=H ML Cr R=H M,L R
> pPr=1

R=H,M,L
Proof: We consider the decomposition

€+ €és = Z PRE + Z pRéﬁcR.
R=H,M,L R=H,M,L
The condition

—IS{].-* & }+Ag>6+€$}
L

S{ﬁcH’]}CJM Feyp? CyTEN
implies
* -
IFcR —Ir, +AFER > PR <e+ chR)

for R = H, M, L. Thus, the probability in the theorem is
upper bounded by the sum of the probabilities of the above
term, which is upper-bounded by 6Afc (PRE ey, lFs,,) for
R = H, M, L, obtained by applying Théorem 4.1 to classifier
sets Cg, Cypr, and Cp,. O

Consider the computed switched-fuser improvement As =

> prA Fo..- By following the approach used in Theo-
R=H,M,L R
rem 4.1, we obtain

]P{‘Ag—&g’ >e+€$} < Y N

(pRea lcnv Z}—CR)’
R=H,M,L R

which characterizes the closeness between the computed and
expected best fuser improvements.

We consider two special cases of this theorem:
(@) The switched-classifier Sic,, c,,,c.} corresponds to
choosing the fuser class with an identity function and the clas-
sifier set with a single classifier, ®z, = {I}, Cr = {Cg},
for R = H, M, L. Consequently, A*féR = AﬁcR = (0, for

R=H,M,L,and A% = As =0.
(b) The switched-fused-fuser S (Fry Fry Fo, } corresponds to

choosing classifier sets as fused-classifiers such that Cpy
F3, and C,; = F5, since fused-classifiers are also classifiers.

E. Comparison of Switched-Classifiers and Switched-Fusers

As measurements of different streams arrive, a classifier and
a fuser are used to produce output by switched-classifier and
switched-fuser, respectively. Using only classifiers, switched-
cl.assiﬁer S{éHmanvéMmWéLmin} output's those of' classifiers
with the lowest empirical error, which approximates the
bes.t performance provided by S{C?Inm,’c* Lh} The
§W1tched-fuser S (Foy Fory Fo, b outputs th(?se of the .emplr-
ically best fusers of individuaf streams, which approximates
the best performance provided by S¢r: r: r: ;. Fur-
h the switched-fused-fuser S,z 2. 2. i output
thermore, the switched-fused-fuser Sy 7~z 7, ) outputs
those of the empirically best of fused-fusers, for Fj
{Fe,, FcyFe, } and Fo = {F¢,,, Fc, }, which approx-
imates the best performance provided by Siz: r: | FE )

. . 3 2 L

Under the isolation property of all component fuser classes,
we have the following conditions on the expected errors

Arg

Iy, <A, <min{lr, 17, }

I]:;;S S mln{I]:éH 5 I]:éM

< Icy,

“min

I}-éﬁ :min{Icl*%l’IC;?g’""ICEnR}’

for R = H, M, L. These conditions are satisfied by the corre-
sponding empirical estimates with the confidences specified by
Theorem 4.1. By using <; to denote the inequality satisfied
under the uncertainty function 4, the above inequalities are
satisfied using their counterpart empirical estimates. Thus, by
using Theorem 4.2, we have the following conditions on the
expected errors

Is . . . <sls,. . _
S{}_FB’}-FQ’}_CL} =0 S{}_CH’}_CJM‘}_CL}

<sls.. .
Solsie, e

min CLmin
wherein confidence functions are specified by Theorems 4.1
and 4.2. We follow this approach to obtain the generalization
equation f.oF thei switched-classifier 6: (Cr, Cray Cr ) by using
decomposition es{éHiyéijéLk} = pi€ey,. +pjeéMj +'Dk€C‘Lk
as

P<ls . . . —Is, . .. . >€E+é€s . . .
S{CHi~CJvz_ijL,€} S{CH,i’CJVIj’CLk} S{CH,;«CAlj»CLk

Z 6‘I>CR (pRevlCR)a

R=H,M,L

<

which shows the improvement A§ due to the fusers of the
switched-fuser in Theorem 4.2.



V. RADIOCHEMICAL DISSOLUTIONS CLASSIFICATION

At a radiochemical processing facility, radioactive Pu-238 is
produced by chemically dissolving irradiated Np-237 targets.
We consider a practical task of detecting these dissolution
events using gamma spectral measurements (detailed descrip-
tions in [6], [16]), which is an important part of facility an-
alytics needed for operational and non-proliferation purposes.
The gamma spectra of the effluents are collected by a High
Purity Germanium (HPGe) detector located at the facility’s off-
gas stack, which contain spectral signatures of the materials
produced by dissolutions.

The measurements are aggregated every 1, 3, and 6 hours,
and are processed and analyzed to estimate 15 isotope counts
in their gamma spectral regions, which are used as features
of classifiers to detect Pu-238 material. The 15 isotopes are
five iodine isotopes, I-131, I-132, I-133, 1-134 and I-135; four
krypton isotopes, Kr-85, Kr-87, Kr-88 and Kr-89; four xenon
isotopes, Xe-135, Xe-135m, Xe-137 and Xe-138; one barium
isotope Ba-138; and one cesium isotope Cs-138. These gamma
counts are Poisson distributed with means that depend on the
target being dissolved. Previous works used features based on
single aggregation periods with subsets of isotope counts in
[6], [16] and their ratios in [17], and two periods in [5].

A. Classifiers’ Performance

Different classifiers (as in [16]) for Pu/Np target signatures
are trained, with the lowest quality measurements every 1 hour,
medium quality measurements every 3 hours, and the highest
quality measurements every 6 hours. Eight ML classifiers
are trained, namely, Classification Trees (CT), Discriminant
Analysis Classifier (DAC), Error Correcting Output Codes
(ECOC), Ensemble of Trees (EOT), Kernel Method (KM),
k Nearest Neighbors (kNN), Naive Bayes (NB), and Support
Vector Machine (SVM). Thus, we have C = { CT, DAC, ECOC,
EOT, KM, kNN, NB, SVM }. These are chosen to represent the
design diversity, namely, smooth (KM and SVM) and non-
smooth (CT, EOT and kNN), and statistical (DAC, ECOC, NB)
and structural (kNN), since there is no single best classification
method under finite samples [11].

B. Fused-Classifiers and Fused-Fusers’ Performance

As the non-smooth classifiers CT, EOT and kNN perform
significantly better than others, they are fused using the
ensemble fuser (EOT-F) which satisfies the isolation property.
The ROC plots and OPs of classifiers and fusers trained using
measurements at three time resolutions are shown in Fig. 4.
Overall, measurements at coarser time resolution have higher
quality as indicated by the performance of the corresponding
classifiers as well as their fusers, indicated left to right in
Fig. 4. The OPs of classifiers, fused-classifiers and fused-
fusers at three time resolutions are shown in Fig. 5. For all
three streams, fused-classifier’s OP is inside the enhancement
regions of the component classifiers. The classification errors
of classifiers of individual streams with the lowest computed
errors, as shown in Fig. 5(a), are listed in Table I. The
classification error is lowered or the same by fused-classifiers

time classifier | fused-classifiers | fused-fusers
1 hour | 27.27% 25.57% 25.57%
3 hours | 10.79% 10.79% 0%
6 hours 9.03% 7.43% 0%

TABLE 1. Classification errors of best classifiers, fused-

classifiers, and fused-fusers.

switched components | classification error
best classifiers 7.19%
fused-classifiers 6.76%
fused-fusers 5.65%

TABLE II: Switched classifiers and fusers.

of individual streams, and further lowered by their fused-
fusers as shown in Fig. 5(b) and Table I, in agreement with
Theorem 4.1.

C. Switched-Classifier and Switched-Fuser’s Performance

The switched-classifiers and switched-fusers provide output
at three different resolutions by appropriately switching the
output of a component classifier or fuser. The classifiers with
the lowest computed error éRm;n for stream R = H,M,L
are utilized by the switched-classifier S{CHmin7C]umln’CLmln}
The top three classifiers of each resolution are fused and
then switched by switched-fusers S{ Fo Fa Fo, b whose
performance is superior to the above sw1tched clas51ﬁer as
shown in Fig. 6. Then, the fused-fusers at resolutions H and
M are used by switched-fused-fuser S (Fey Py Fo, b which
has a lower classification error, as 1ndlcated by Eq (4 1)-(4.2).
This analytical result is confirmed by OPs shown in Fig. 6,
and their computed errors shown in Table II.

Theorems 4.1 and 4.2 analytically characterize the perfor-
mance of various fusers and switched versions, and also pro-
vide practical guidance. Among classifiers, those with lower
training errors are associated with smaller € values in Theo-
rem 4.1, and hence have stronger performance guarantees. As a
result, they are used as inputs to fusers, subsequently in fused-
fusers, and finally in switched-fused-fuser, which provides
performance superior to all classifiers, switched-classifiers,
fused-classifiers, and fused-fusers at the finer time resolution.

VI. CONCLUSION AND FUTURE WORKS

In practical multiple-sensor systems, the quality and rates
of measurements may vary significantly [7]. We formulated
an abstract sensor fusion problem using three measurement
streams with their quality inversely correlated to time res-
olution. We proposed a fused-fusers method that utilizes
classifiers and fusers for each type, and fuses and switches the
fusers in time dimension to provide classification decisions at
three time resolutions. We analytically showed superior clas-
sification probabilities for fused and switched ML classifiers,
with a confidence probability specified by their generalization
equations. These results provide analytical foundations to solu-
tions for a classification task associated with target dissolution
events at a radiochemical processing facility.
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Future directions include generalizations of this method to
N > 3 measurement streams, and their application to other
practical scenarios. Also, hybrid scenarios with a combination
of sample-trained ML classifiers and Bayesian classifiers de-
rived under known distributions would be of future interest.
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